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ABSTRACT—The paper's purpose is to present and implement
a two-dimensional (2-D) semi-analytical model with the local
saturation effect in 6/4 switched reluctance machines (SRM) having a
double-layer winding with left and right layer (viz., all teeth wound)
supplied by sinusoidal waveform of current (aka, variable flux
reluctance machines). Itis based on the elementary subdomain (E-SD)
technique in polar coordinates by applying the Dubas’ superposition
technique with the local saturation effect. The model permit to find
the magnetic field prediction in all parts of the electrical machine
characterized by general solutions to the first three harmonics of
magnetostatic Maxwell’s equations. In this study, the magnetic flux
density distribution inside the SRM, the electromagnetic
performances have been calculated and compared with those obtained
by the 2-D saturated finite-element (FE) method (FEM). The
comparisons with FEM show good results of the proposed approach.

Keywords—Electromagnetic performances; local saturation;
switched reluctance machine; elementary subdomain technique.

1. INTRODUCTION

For the past few years, electromagnetic modeling of electrical
machines become an interesting axis in the research area. In many
electrical engineering applications, this modeling step remains
essential to optimize and design electric machines according to
specifications. For decades, the numerical methods are widely
used in R&D departments for their accuracy as compared to
measurement. Nevertheless, mainly in three-dimensional, these
approaches are time-consuming and not suitable for the
optimization problems. Nowadays, in order to reduce the
computation time, hybrid numerical methods can be developed
[1]. The actual design works are mainly based on (semi-
)analytical methods [2]-[3], viz.,

- equivalent circuits (i.e., electrical, thermal, magnetic...);

- Schwarz-Christoffel mapping method;

- Maxwell-Fourier (i.e., multi-layers models, eigenvalues
models, SD technique methods).

Indeed, under certain geometrical and physical assumptions,
these techniques have the advantage to be sufficiently
explicit/accurate/ fast which make them more flexible as an
optimal computer-aided design tool. Currently, the SD technique
based on the Maxwell-Fourier method is one of the most used
semi-analytical methods. This modeling applied to electrical
machines with variable reluctance can be found in [4]-[13], but
unfortunately neglecting the global and/or local saturation effect
(i.e., the iron parts are considered to be infinitely permeable). In
2017, Dubas et al. proposed a new scientific contribution to the
SD technique by inserting ferromagnetic regions [2]-[3]. This so-
called exact 2-D method has been applied pedagogically to an air-

or iron-cored coil supplied by a direct current in Cartesian [2] and
polar [3] coordinates. The Dubas’ superposition technique has
been implemented and applied in radial-flux electrical machines
with(out) permanent-magnets supplied by a direct or alternate
current (with any waveforms) [14]-[16]. Comparisons with
numerical methods give good results. This technique has been
extended to:

- the thermal modeling for the steady-state temperature
distribution in rotating electrical machines [17];

- E-SD in the rotor and/or stator regions with(out)
electrical conductivities for full prediction of magnetic
field in rotating electrical machines with the local
saturation effect solving by the Newton-Raphson (NR)
iterative algorithm [18]-[20].

In this paper, the authors propose to use the E-SD technique
in polar coordinates by applying the Dubas’ superposition
technique to SRM with the local saturation effect, which has not
yet been realized in the literature. For example, the scientific
contribution has been applied to 6/4 SRM having a double layer
winding with left and right layer (viz., all teeth wound) supplied
by sinusoidal waveform of current (aka, variable flux reluctance
machines). The model permit to find the magnetic field
prediction in all parts of the electrical machine characterized by
general solutions to the first three harmonics of magnetostatic
Maxwell’s equations. The proposed E-SD technique is coupled
with NR iterative algorithm for nonlinear magnetic field
analysis [18]. It is important to note that the developed semi-
analytical model is also valid for any number of slot/pole
combinations and for non-overlapping teeth wound windings
with a single/double layer. Finally, the results of the
electromagnetic performances have been performed and
validated by the 2-D saturated FEM [21]. The comparisons with
FEM show good results of the proposed approach.

2. STUDIED MACHINE AND MAGNETIC FIELD SOLUTIONS

2.1.  Machine geometry and assumptions
The studied SRM, as shown on Fig. 1, has been partitioned
into 3 regions, both stator and rotor regions are constituted with
5 domains, viz.,
- Region I (air-gap);
- Region Il (rotor) contain 2 domains: iron domain Q,
and the rotor slots domain Q, ;
- Region Il (stator) contain 3 domains: iron domain Q,
the coil domain Q and the non-periodic air-gap domain
Q,, (i.e., between the two layers of stator winding).
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The semi-analytical model, based on the E-SD technique, is
formulated in 2-D, in polar coordinates (r,&), and in magnetic

vector potential A with the following assumptions:

- the end-effects are neglected, i.e., A={0;0;A,} ;

- the stator and rotor slots/teeth have radial sides;

- the eddy-current effects in the materials are neglected;

- the current density in the stator slots has only one
component along the z -axis, i.e., J ={0;0;J,};

- the magnetic materials are considered as isotropic;

- the iron absolute reluctivity o is a function of the mean

value of magnetic field B in each E-SD.

The stator and rotor regions (i.e., Region Il and Region I11)
are meshing in r- and @ -directions into E-SDs as shown in
Fig. 2. Each E-SD is characterized by the inner and outer radius,
position, opening width, and absolute reluctivity [18]. In this
study, the stator/rotor slots/teeth are divided by three in r - and
six in @ -direction which give 570 E-SDs in the stator and 288
E-SDs in the rotor. These E-SDs are connected in both
directions (i.e., r- and @-edges) by applying the Dubas’
superposition technique. The local saturation effect is solved by
the NR iterative algorithm [18].

The general solutions of magnetostatic Maxwell’s equations
considering only the first three radial and tangential harmonics
in each domain © can be written as [2]-[3]
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where &, =mz/a & A,=mz/In(R,/R,) are the spatial
frequency (or periodicity) of A’ & A [3]; 4, is the vacuum
permeability; J;,, is the current density for the left (second)

and right (first) layer of winding in the i stator slot with
i=1...,Q, inwhich Q, represents the number of stator slots;

Q0L Q. Q, and Q are respectively the j™ rotor slot,

the it stator slot, the rotor/stator iron and the non-periodic air-
gap domains; {R,,R,,a,a} are the main dimension of Q; and

& ~ &,.., are the integration constants (ICs).

Fig. 1. Studied 6/4 SRM with sinusoidal current excitation having a double-
layer winding with left and right layer (viz., all teeth wound).
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Fig. 2. Mesh generation of the: (a) rotor, and (b) stator.

Each E-SD is characterized by absolute reluctivity v in
function of B [18]

v(B)=—|1- Q (5)
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where g is an index, and {m,,n,,a,} are the parameters to be

optimized using genetic algorithm. The B(H) and u(§)
curves used herein are given in [18]. For the domains
{0L:QL:0, |, the absolute reluctivity v(B)=1/4,
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2.2.  General solution of magnetostatic Maxwell’s equations
2.2.1.  Region | (Air-gap)

Inthe air-gap (i.e., Region I), r [R;;R,] and 6 €[0;27] , the
general solution of A, is defined by:

A, = ALy + A2, In(r)
...++w A]'“[LJ +A2”(Lj_ ]-cos no

~~+2[A3n (RLJ + A4, [é]n}-sin(nﬁ)

where n is a positive integer, and Al, ~ A4, are the ICs in
Region I.



2.2.2.  Region Il (Rotor)

The rotor (i.e., Region 1) is divided into E-SDs as it shown
in Fig. 2(2). Each element Q' is characterized by the

parameters { A ,0f' R, R ;,,8 | where Afl is the
solution particular, of' is the absolute reluctivity, and
{Rr,Rr,.,,a} are the corresponding main dimension. The
general solution of AY' is similar to (1)~(4) by replacing
&~ &y, With BY' ~Bf, and  {R,R,@a} with
{Rr,Rr, 0,8}

2.2.3.  Region Il (Stator)

The stator (i.e., Region I11) is divided into E-SDs as it shown
in Fig. 2(b). Each element Qf' is characterized by the

parameters { A%, uli' R, R, 3.4} where AL is the
particular solution, of' is the absolute reluctivity and
{Rs,,Rs,.,,.,b} are the corresponding main dimension. The
general solution of A% is similar to (1)~(4) by replacing
& ~ &, With C' ~ Ci, and {R,R, @,a} with
{RskvRSkﬂ'ﬁl’bl}-

2.3.  Magnetic flux density and electromagnetic source (ES)

2.3.1. Magnetic flux density
The field vectors B={B,;B,;0} and H ={H ;H,;0} are
coupled by

H< — o gkt 7)
Using B =V x A, the components of B can be deduced by

1 0A oA,
B==-—"2and B =——2=%.
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2.3.2.

The current densities for the left (second) and right (first)
layer of winding in the i* stator slot are defined as:

ES : Current density in the it stator slot

i Nc H i Nc H
J;, =?-C(T1)~|g and JJ, =?-C(T2)-|g 9)

where S = f (R —R,?)/2 is the surface of the stator slot coil,

N, is the conductors' number of slot coil, i, =[i, i, i]is
the vector of phase currents whose currents' waveform is
sinusoidal with a phase shift of 27/3, and C(Tl) & C(Tz) are the

transpose of the connecting matrix between the 3-phases current
and the stator slots

Ch=/0 1 0 0 -10 (10)

00-100 1
Ch=[-10 0 1 0 0f (11)
0100 -1 0]

These connection matrices can be generated automatically
by using ANFRACTUS TOOL developed in [22].

3. ICs AND NR ITERATIVE ALGORITHM

From the boundary conditions (BCs) between the various
regions, the ICs of 3 regions can be determined by solving the
following nonlinear system equations [18]:

f(X)=[M(X)] X+Y =0 (12)
where
B Al AL AL 1
0 A”? 0
0 0 A®
M (X ) = AAl A42 (brotor ) A43 (cstalor ) (13)
0 A52 (brolor ) 0
0 0 A63 (Cstator )
with
X = [aair brotor Cstator :|T (14)
y=[r' r* r° 1 r°r°j (15)
- Alo _
A2
. 0 Biﬁwz Ciﬁwz
Q" = A3N , proer — and croer — . (16)
. b B}rﬁ*—Z Cirﬁ*—Z
. KL, KL
A3, Bl. Cl.
Ad ) )
o | Bins | Ciniz
| A4y |

It should be noted that {A“;A”;A“;AZZ;A33} are

independent to the absolute reluctivity of materials. However, the
other sub-matrices correspond to BCs of H, at surface, are

depending to the absolute reluctivity of materials which are also
related the unknowns’ vector X . The development of BCs, the
various sub-matrices, and the iterative NR algorithm for nonlinear

analysis of B by using B(H) curve can be found in [18].

4, RESULTS AND VALIDATIONS

4.1.1. Introduction

The developed model taking into account to the local
saturation effect is used to determine the magnetic flux density
distribution and the electromagnetic performances of 6/4 SRM
with double layer winding. The results of semi-analytic model
are verified by 2-D saturated FEM. The magnetic potential
vector A; and flux density B in the various regions have been
computed with the finite number of harmonic terms in the air-
gap N, =200 and three harmonics with 288/570 E-SDs in

rotor/stator region. For the comparison, the main parameters of
the studied machine are given in Table I.



TABLE I. Parameters of 6/4 SRM.

Symbol Parameter Value (unit)
Qs Number of stator slots 6
Q Number of rotor poles 4
R, Internal radius of rotor slot 17.3 (mm)
Rs External radius of stator slot 36 (mm)
Rext Radius of the external stator surface 45 (mm)
Ry Radius of the stator internal surface 25.7 (mm)
Ry Radius of the rotor surface 26 (mm)
g Air-gap length 0.2 (mm
Stack length 60 (mm)
Ry Radius of the shaft 10 (mm)
a Rotor slot opening 60 (deg.)
b Rotor tooth opening 30 (deg.)
c Stator slot opening 38 (deg.)
d Stator tooth opening 22 (deg.)
e Non-periodic air-gap opening 4 (deg.)
f Opening of a slot coil 17 (deg.)
I, Rated phase current 60 (A)
N, Conductors' number of slot coil 40
N Rated speed 1,500 (rpm)

(a) (b)
Fig. 3. Flux density inside the SRM: (a) analytic and (b) FEM.
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Fig. 7. Waveform of B in the rotor middle at r=(R, +R;)/2 : (a) r- and (b) 6-
component.
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Fig. 8. Waveform of B in the rotor yoke middle at r=(R,+R,)/2: (a) r- and
(b) 6-component.
4.1.2.  Flux density distribution

Fig. 3 shows the magnitude of B in all machine's regions for
the studied SRM. The comparison between analytical and
numerical results improves the model accuracy regarding the
local saturation which can be observed in the partial part of
stator/rotor yoke and teeth.

In Figs. 4 ~ 8, a numerical and semi-analytical comparison
is shown the r- and #-components of B in the

- stator yoke middle at r =(R,, +R;)/2 (see Fig. 4);
- stator middle at r =(R, +R;)/2 (see Fig. 5);
- air-gap middle at r = (R, +R,)/2 (see Fig. 6);
- rotor middle at r =(R, +R;)/2 (see Fig. 7);
- rotor yoke middle at r = (R, +R,)/2 (see Fig. 8);
One can see that a very good agreement is obtained for the

various components of B in all regions. This confirms that the
local saturation effect with the B(H) curve is considered

accurately.

4.1.3. Electromagnetic performances

Fig. 9 shows the waveform as well as the harmonic
spectrum of the static electromagnetic torque which represents



the torque due to a single phase of the electrical machine (e.g.,
due to phase A).

For full-load condition (viz., 60 A@1,500 rpm), the induced
magnetic flux linkage per phase is given in Fig. 10.

Fig.12 show the self- and mutual inductance, the simulation
is done for nominal current 1 . One can see that the self-

inductance is more important in amplitude that the mutual
inductance.

All obtained results confirm the accuracy of the proposed
semi-analytical model with the local effect saturation
considering both amplitude and waveform.

5. CONCLUSION

In this paper, we have developed a 2-D semi-analytical
model for SRM with double-layer winding to predict the
magnetic flux density distribution and the electromagnetic
performances (viz., the static electromagnetic torque, the
magnetic flux linkage, self-/mutual inductances) for any rotor
positions. It is based on the exact E-SD technique [18] in polar
coordinates by applying the Dubas’ superposition technique [2]-
[3] with the local saturation effect. It has the ability in any number
of stator slots, rotor poles and phases and for different type of
stator winding. Because the SRM always operate with certain
level of saturation, the proposed model present an accuracy
results. It can be considered as a viable alternative to 2-D
saturated FEM for analysis of SRM.
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